In this paper we investigate the spatiotemporal dynamics of a diatomic fluid undergoing zero mean oscillatory flow in a slit pore. The study is based on nonequilibrium molecular dynamics simulations together with two limiting solutions to the Navier-Stokes equations which include the effect of molecular rotation. By examining the viscoelastic properties of the system we can estimate the extent of the Newtonian regime, and a direct comparison between the molecular dynamics data and the solutions to the Navier-Stokes equations is then possible. It is found that the agreement is excellent, and that the vortex viscosity can be estimated by fitting the data obtained in the molecular dynamics simulations to the solutions to the Navier-Stokes equations. The quantitative effect of the coupling between the linear momentum and the spin angular momentum on flow is also investigated. We find that the maximum flow can be reduced up to 3-4 % due to the coupling.
I. INTRODUCTION
Classical fluid dynamics is concerned with the spatiotemporal dynamics of the fluid density, linear ͑or translational͒ momentum, and energy ͓1͔. In this description these three quantities are coupled together via the balance equations, and by applying the phenomenological constitutive relations the corresponding Navier-Stokes formulation forms a closed set of equations ͓1,2͔, together with an equation of state ͓3͔. The Navier-Stokes approach can be used to describe, for example, the air flow over an aircraft wing or an alkane fluid flowing in a microchannel. While such general theory is elegant, it excludes all microscopic dynamical features present in the system. Moreover, it ignores the coupling between the internal molecular degrees of freedom and the macroscopic quantities, e.g., the coupling between the molecular rotation and the fluid's translational momentum ͓4,5͔. Only in very few situations can the coupling between the internal molecular degrees of freedom and the translational motion be safely ignored; however, this is not the situation in general. Nevertheless, it has become "the standard" to ignore this coupling and thereby also dismiss all the information about the microscopic degrees of freedom.
While this fact is well known, no one has, to our knowledge, performed any quantitative investigation estimating the error introduced when ignoring this coupling. Evans and Streett ͓6͔, Travis et al. ͓7,8͔, Delhommelle and Evans ͓9͔, and Radzyner and Rapaport ͓10͔ have studied rigid bonded diatomic molecular fluids undergoing a steady Poiseuille flow. For this problem it is possible to solve the extended Navier-Stokes equations, which include the coupling between the molecular rotation and the translational momentum ͓4͔. These studies were all based on a comparison between nonequilibrium molecular dynamics ͑NEMD͒ simulations and the solution to the Navier-Stokes equations. It was shown that the extended Navier-Stokes theory qualitatively agreed with the NEMD results, except near the wallfluid boundary, where large velocity slip, molecular alignment, and density variations are present. However, as we will discuss later, one cannot expect that the molecular rotation has a large ͑if any͒ effect on the translational momentum when the fluid flows in a steady manner. That is, the flow profile is neither qualitatively nor quantitatively different from that of the corresponding simple atomic fluid. This is not the case for unsteady flows, e.g., a zero mean oscillatory flow. Knowledge of the effect of the coupling may therefore be very relevant when manufacturing mixing devices and micropumping mechanisms ͓11,12͔.
The purpose of this paper is therefore threefold: ͑i͒ to solve the Navier-Stokes equations for a zero mean oscillatory flow including the coupling between the molecular rotation and the translational momentum, ͑ii͒ to perform NEMD simulations of a diatomic fluid undergoing such flow and validate the Navier-Stokes solution against simulation data, and ͑iii͒ to quantitatively analyze the effect of molecular rotation on the translational momentum. In order to accomplish this, the paper is organized as follows. In Sec. II we derive and present two limiting solutions to the Navier-Stokes equations. Section III briefly describes the details connected with the molecular dynamics simulations, and in Sec. IV we discuss the results and highlight the effect of the molecular rotation. Section V is devoted to conclusions.
II. LIMITING SOLUTIONS TO THE NAVIER-STOKES EQUATIONS
In the Appendix we derive the Navier-Stokes equations, which include the coupling between the streaming spin angular momentum s and the streaming velocity u. In the case of an incompressible fluid and in the absence of any applied external torque these are du dt
where is the mass density, F e is the external force per unit mass, w is the streaming angular velocity, 0 and r are the shear and the vortex viscosities, and , v , and r are the vortex spin viscosities. The streaming spin angular momentum is given by s = ⌰ · w, which for uniaxial molecules reduces to ͓7͔
where ⌰ is the average of the trace of the inertia tensor ⌰. Now, we let the fluid be confined between two planar walls and the direction of confinement be the y direction. We shall think of the x and z directions as being of infinite extent. A force F e ͑t͒ acts on the fluid in the x direction and, since the system is homogeneous in the x direction, the pressure gradient in this direction is zero. The force has a sufficiently low amplitude such that the streaming velocity is in the x direction only. 
͑5͒
where u x ͑y , t͒ is the streaming velocity in the x direction, w z ͑y , t͒ is the z component of the streaming angular velocity, 0 is the kinematic shear viscosity, r is the kinematic vortex viscosity, and and r are the kinematic vortex spin viscosities. Note, that due to the geometry and the low external force amplitude, ١ · w =0.
Before we continue it would be of interest to estimate the contributions of the two terms on the right-hand side of Eq. ͑5͒. According to Evans and Streett ͓6͔ and Evans and 
Thus, there is no effect of the molecular rotation on the streaming velocity. We therefore wish to study an unsteady flow. We will here investigate the simple case where the external force field is a trigonometric function of time, F e ͑t͒ = F 0 cos͑t͒, where F 0 is the force amplitude and is the angular frequency of the force. The problem is simplified considerably by adopting complex notation, in which case
Since we are interested in the limiting behavior t → ϱ, i.e., where the transients have decayed and the oscillatory flow exhibits steady amplitude, both the streaming velocity and the streaming angular velocity are written as products of a spatial function and an oscillatory temporal factor with the same frequency as the external force field. In complex notation,
Substituting Eqs. ͑10͒, ͑11͒, and ͑9͒ into Eqs. ͑4͒ and ͑5͒, we obtain
͑13͒
It is possible to solve this inhomogeneous second-order differential equation system, but the solution is algebraically very involved and uninformative. We therefore turn to limiting solutions.
A. The limit + r \ 0
As just described above, it is a reasonable approximation to ignore the diffusion term in Eq. ͑5͒. This assumption can fail, especially near the wall-fluid boundary; nevertheless, it enables a very simple solution. where
.
͑17͒
The streaming angular velocity is given from Eq. ͑14͒: For sufficiently small channel width and small external force frequency, i.e., essentially a Poiseuille flow with a quadratic velocity profile, the differential equation system given by Eqs. ͑12͒ and ͑13͒ can be solved analytically by applying nonslip boundary conditions. In this situation the streaming angular velocity is given by the functional form ͓4͔
where K has units of inverse length and u c of length per unit time, i.e., velocity. Both K and u c are function ͑or model͒ parameters that must be fitted from data obtained by NEMD simulations, for example. If we inspect Eq. ͑19͒, we see that W͑y͒ consists of a linear part and a hyperbolic part. For large values of K, i.e., K ӷ 1, the hyperbolic term is significant only near the wall-fluid boundary, where it forces the angular velocity to zero in accordance with the boundary conditions. The angular velocity in the interior of the channel will then be given as a linear function of y with slope u c / R 2 , which in turn means that u c depends on the ratio between the external force and the viscosity, i.e., u c ϰ F e / 0 , in agreement with the case of a steady Poiseuille flow. For K Ͻ 1 the hyperbolic term will dominate the behavior of W͑y͒ for all y. Thus, K is a constant that describes how the effect from the wall on the angular velocity extends into the channel. This means that small values of K indicate large wall penetration depth and large values of K indicate small penetration. See also Ref. ͓8͔ for a discussion of steady flows.
As stated above, the functional form is based on the assumption that the streaming velocity is quadratic with respect to the spatial coordinate. This assumption means that the viscous force is dominating, which can be quantified via the Stokes parameter, which is often used to characterize oscillatory flows ͓14͔. We will here define it as ⌳ = ͱ / 2͑ 0 + r ͒R. Thus, for sufficiently small Stokes parameter, Eq. ͑19͒ is valid. In the simulations R never approaches zero, so we will therefore simply let → 0 when we study the fluid for small Stokes parameter. In the case where the inertia forces dominate ͑large Stokes parameter͒, the velocity profiles will exhibit spatial oscillations, and in the limit of a purely inviscid fluid flow ͑⌳ → ϱ͒ the velocity profile will be flat and vary only with respect to time. Now, adopting the limiting solution to the streaming angular velocity, we substitute Eq. ͑19͒ into Eq. ͑12͒ and obtain a simple inhomogeneous second-order differential equation,
which we will assume satisfies nonslip boundary conditions. The solution to this problem is given by
The solution for the streaming velocity in the limits ⌳ → 0 and t → ϱ is then given by
͑25͒
It is important to observe that A = F 0 / i for r = 0 and lim r →0 B = 0. In this situation Eq. ͑25͒ reduces to the solu-tion of an atomic fluid with no molecular spin; see, for example, Engelund ͓14,15͔. Also note that is related to the Stokes parameter by = ͱ 2i⌳ / R. The spatiotemporal dynamics of the streaming angular velocity is given directly by Eqs. ͑11͒ and ͑19͒:
We have compared Eqs. ͑25͒ and ͑16͒ with the numerical solution of the Navier-Stokes equations ͑4͒ and ͑5͒, using an Euler finite-difference method. This shows very good agreement over a range of reasonable parameter values where r Ӷ 0 , a relation which is expected from the literature ͓6,16͔.
C. A few additional remarks
It is instructive to see the effect of the molecular spin on the streaming velocity. This can be achieved by a particularly simple example. For very large values of K ͑i.e., small wall effects͒, B Ϸ 0, leaving only the first term on the right-hand side in Eq. ͑25͒ relevant. This approximation effectively means that the streaming angular velocity is a linear function of y: w z ͑y , t͒ = WЈ͑y − R͒cos͑t͒, where WЈ = u c / R 2 is the slope of the angular velocity with respect to y. In nanofluidic systems the viscous forces will typically dominate, which means that the Stokes parameter is relatively small. This justifies a Taylor expansion of the exponential and hyperbolic functions to second order in . Inserting these expansions into the first term in Eq. ͑25͒ we obtain
A similar approximation can also be found expanding Eq. ͑16͒. It can now be seen that, for low Stokes parameter and for large values of K, the streaming velocity is characterized by a quadratic spatial variation which corresponds to a temporally oscillating Poiseuille flow. More importantly, from this solution we can identify three different scenarios: At any point y, the amplitude of the streaming velocity increases with respect to r if 2WЈ 0 Ͼ F 0 , decreases if 2WЈ 0 Ͻ F 0 , and is constant if 2WЈ 0 = F 0 . This is illustrated in Fig. 1 , where the streaming velocity in the middle of the channel is plotted as a function of the vortex viscosity for the three different scenarios. This can also be understood from Eq. ͑4͒, where the vortex viscosity enters in the diffusion term, which will contribute to a decrease in the streaming velocity, and in the coupling term, which contributes to an increase in the streaming velocity. It is then the difference between F 0 and 2WЈ 0 that determines the effects of r . From Fig. 1 another important point is observed: The streaming velocity amplitude is highly dependent on r for low values of r ; however, for high values the streaming velocity converges slowly toward WЈR 2 .
III. MOLECULAR DYNAMICS SIMULATIONS
The method for simulating an external force acting on a confined fluid via NEMD is well developed by now ͑see Refs. ͓17-19͔͒, and we will here only briefly summarize the computational methodology. The system is composed of a fluid confined between two walls such that the direction of confinement is the y direction. The wall atoms are initially arranged on hexagonal packed planes, where the distance between the planes is 0.8, being a measure of length and around one atomic diameter, i.e., 3-4 Å. The wall atoms are kept around their initial ͑or equilibrium͒ positions via a restoring spring force F(r i ͑t͒) =−k͓r eq − r i ͑t͔͒. k = 100 is the spring constant, r i ͑t͒ is the position of atom i, and r eq is the equilibrium position. Any physical quantity is expressed in appropriate units of energy ⑀, mass m, and length , traditionally used in molecular dynamics simulations; see, for example, Ref. ͓20͔. We shall omit writing these units explicitly throughout the paper and simply set ⑀ = m = = 1. In order to decrease the computational effort, we apply periodic boundary conditions in all directions, such that a single wall will act as a first and second wall ͓17,19͔. The wall is made up of three hexagonal layers in the y direction and has number density w = 0.868. The molecules are composed of N b =2 united atom units ͑UAU͒ or atoms. We shall here use the term "atom" for both of these units. In the simulations the overall atom number density is = 0.73 giving a molecular density of m = 0.365. All atoms ͑including wall atoms͒ interact via the Weeks-Chandler-Andersen ͑WCA͒ pair potential ͓21͔
where r ij is the distance between the two atoms. The atoms comprising the diatomic molecules are connected via the finitely extensible nonlinear elastic ͑FENE͒ potential ͓22͔
k 0 = 30 is a spring constant and R 0 = 1.5 is the maximum bond length. The choice of these values is based on previous work ͓18͔. The fluid atoms are subjected to a temporally oscillatory external force field in the x direction, F e ͑t͒ = (F 0 cos͑t͒ ,0,0), where =2 / 50 or 2 / 200. The wall atoms are coupled to a Nosé-Hoover thermostat ͓23,24͔ such that the heat generated in the fluid due to the viscous flow is conducted away from the system at the wall-fluid boundary.
Since the external force amplitude is relatively small, the heat conduction at the wall ensures that the fluid temperature is constant in time and space and equal to that of the wall, which is T = 1.0. In principle, very small spatiotemporal variations will be present; however, these are so small that they will not affect the transport properties of the fluid. The numbers of particles are 1800-4200 depending on the channel width. The equations of motion for the atoms are integrated forward in time by the leapfrog integration scheme ͓20͔ using a time step of 0.0025. The system is run for 2 ϫ 10 5 time steps before sampling. After this initial period the average momentum exhibits stable amplitude oscillations.
All the physical quantities are measured as spatiotemporal averages in bins with volume V bin = L x ⌬yL z , where L x and L z are the lengths of the simulation box in the x and z directions and ⌬y = 0.1 is the bin width in the y direction. In order to increase the signal to noise ratio to a satisfactory level, we divide the external force field period into eight equally long time intervals, e.g., if the period is 50, t n+1 − t n = ⌬t =50/ 8, where n = 1 , . . . , 8. If we assume that ⌬y is sufficiently small we can formally write the average of a physical quantity x in bin j in the time interval t n Յ t Յ t n+1 as
where x i is the corresponding molecular quantity of molecule i, y j is the bin midpoint, and y i ͑t͒ is the center of mass and y n+1 − y n = ⌬y. x j ͑t͒ is then the value in bin j. In practice, we obtain x j using sample averages reducing this to a simple ͑spatiotemporal͒ two-dimensional histogram method.
IV. RESULTS AND DISCUSSION

A. Viscoelastic properties
Before we present the results from the NEMD simulations and compare the data with the Navier-Stokes solutions, we must ͑i͒ make sure that we are in the Newtonian regime where the viscosities are independent of the frequency and amplitude of the external force, ͑ii͒ make sure that the frequency is sufficiently low such that any relaxation phenomena can be safely ignored, and ͑iii͒ obtain independent values for the transport coefficients such that these can be used in the analysis as well as be compared with the results from the NEMD simulations. The zero-frequency zero-wave-vector kinematic viscosities entering the Navier-Stokes equations can be estimated via a separate equilibrium molecular dynamics ͑EMD͒ simulation using the Green-Kubo integral of the autocorrelation functions of the relevant parts of the pressure tensor ͓25͔. The pressure tensor itself can be expressed in the molecular or in the atomic formalism, and it has been shown by several authors that the integrals of the autocorrelation functions of the pressure tensors converge to the same value for sufficiently long times ͓26,27͔. This is despite the fact that the correlation functions themselves are different. The molecular approach is often advantageous since the autocorrelation function is smooth and faster decaying because it does not explicitly include the effects of high-frequency bond stretching, bond bending, etc. ͓28͔. Furthermore, the rotational viscosity is calculated using the antisymmetric part of the molecular pressure tensor ͓6͔, and we therefore apply this formalism when evaluating the zero-frequency zerowave-vector viscosities. The molecular pressure tensor is microscopically given as ͓26͔
where V is the volume, p i ͑t͒ is the momentum of the center of mass of molecule i, M i is the total mass of the molecule, r ij ͑t͒ = min͑r i − r j ͒ is the minimum periodic image vector distance between the center of mass of molecules i and j, and F ij ͑t͒ is the total force on molecule i due to all molecules j. This force is
where F i␣j␤ ͑t͒ is the force acting between atom ␣ in molecule i and atom ␤ in molecule j. The kinematic shear viscosity is then given directly by the equilibrium Green-Kubo integral ͓6,29͔:
͑33͒
where P os ͑t͒ = 1 2 ͓P͑t͒ + P T ͑t͔͒ − 1 3 tr͓P͑t͔͒1 is the traceless symmetric part of the pressure tensor, V is the simulation volume, and k B is the Boltzmann constant.
Since the spin angular momentum is a nonconserved quantity the vortex viscosity cannot be evaluated by a simple Green-Kubo relation, but can be found by solving the generalized Langevin equation ͓13͔. From this the Laplace transform of the vortex viscosity is given by ͓13͔
c͑s͒ is the Laplace transform of the antisymmetric stress autocorrelation function:
where P d is the vector dual of the antisymmetric part of the pressure tensor ͑see the Appendix͒. As pointed out by Evans and Hanley ͓13͔, using molecular dynamics data and Eq. ͑35͒ directly together with the relation in Eq. ͑34͒ will lead to large numerical uncertainties for s → 0. To avoid this, the authors assumed the functional form
where is the relaxation time. Substituting this into Eq. ͑34͒ and rearranging yields .
͑37͒
One can then fit the EMD data of c͑s͒ to Eq. ͑37͒ using and r ͑0͒ as fitting parameters.
The Navier-Stokes equations are based on the assumption that the system is in the Newtonian regime, where the shear viscosity is independent of the external force frequency. While the molecular and the atomic formalisms of the pressure tensor discussed above yield the same shear viscosities as t → ϱ, the two approaches differ greatly for small and intermediate times. We therefore turn to the atomic formalism when investigating the complex frequency-dependent shear viscosity, which is defined as
͑38͒
where P xy ͑t͒ is the xy atomic pressure tensor element and Ј͑͒ and Љ͑͒ are the real and imaginary parts of the viscosity, respectively. For the molecular fluid studied here P xy is given by ͓26,30͔
where p x,i␣ ͑t͒ and p y,i␣ ͑t͒ are the momenta in the x and y directions of the atom ␣ in molecule i. r x,i␣j␤ is the minimum periodic distance in the x direction between atom ␣ in molecule i and atom ␤ in j. For T = 1.0, = 0.73, the kinematic viscosities are evaluated as 0 = 1.94Ϯ 0.05 and r = 0.26Ϯ 0.02. The errors are based on one-half the maximum difference of five results. The low vortex viscosity is in agreement with earlier findings ͓13,16͔ and indicates that the molecular spin has only a small effect on the streaming velocity. As mentioned in Sec. II, the Navier-Stokes equations given in Eqs. ͑4͒ and ͑5͒ provide a complete description only if the chemical bond is rigid ͑and if we are in the Newtonian regime͒. Here we model flexible bonded molecules, and the stretching potential will affect the pressure tensor. However, we have found that the resulting vortex viscosity depends only slightly on this as long as the spring constant is sufficiently large.
To follow the notation often used in rheology, we plot the logarithm to the base 10 of the loss modulus GЉ͑͒ = Ј͑͒ rather than the real part of the complex viscosity itself ͑Fig. 2͒. In the Newtonian regime log 10 ͓GЉ͔͑͒ should be a linear function of log 10 ͑͒ with a slope of 1. This is depicted in Fig. 2 as the broken line. We estimate that the frequency-independent Newtonian regime is when Ͻ 0.3. Matin et al. ͓31͔ have investigated the strain rate dependence of the shear viscosity in a rigid bonded diatomic WCA fluid.
They showed that for a system with molecular density of 0.42 and temperature of 1.0 shear thinning takes place for ␥ Ͼ 0.2. We can calculate the strain rate in our simulations by numerical differentiation of the streaming velocity profiles, which will be presented later. From this, we observe that the strain rate in the interior of the channel is ␥ Ͻ 0.11. Hence, the system is in the Newtonian regime.
Finally, we evaluate the relaxation time given by = ⌿ 1,0 / 2 0 , where ⌿ 1,0 is the first normal stress coefficient in the limit of zero strain rate and is given via the relaxation modulus G͑t͒ ͓32͔:
This yields a relaxation time of around 0.07Ϯ 0.06. It is interesting to note that the relaxation time obtained using the fit in Eq. ͑37͒ is around 0.04. The system relaxation time is thus sufficiently low compared with the external force period that memory effects can be safely disregarded.
B. Dynamical properties
In Fig. 3 we plot the molecular number density m , multiplied by the number of atoms per molecule N b = 2. The density is defined for bin j as m,j ͑t͒ =1/ M i ͚ ij M i , where i runs over all molecules with center of mass located in the volume associated with bin j at time t. It is observed that, for the external force and frequencies examined here, the density profiles exhibit the same qualitative and quantitative behavior as the corresponding Poiseuille flow ͓18͔. The total molecular spin angular momentum per unit mass in bin j is given by ͓8͔
where ⌰ j ͑t͒ is the total moment of inertia tensor per unit mass evaluated with respect to the center of mass. In the molecular dynamics simulations the molecular spin angular momentum and the moment of inertia are
r i␣ ͑t͒ is the distance from the center of mass of atom ␣ in molecule i, p i␣ ͑t͒ is the momentum, and m i␣ is the mass of the atom. The angular streaming velocity is obtained from Eq. ͑41͒, noting that only the z vector component is nonzero.
The results can be compared with the solutions to the NavierStokes equations, that is, from Eq. ͑30͒:
w z ͑y,t͒dt, ͑44͒
where w z ͑y , t͒ is given in either Eq. ͑26͒ or ͑18͒. In Fig. 4͑a͒ we have plotted w z obtained from the molecular dynamics simulations for four different time intervals where the angular frequency of the driving force is 2 / 50 and where the Stokes parameter is around 0.75. The value of the Stokes parameter is based on the viscosities found in Sec. IV A. From this we have compared the results with the best fit to the time average of Eq. ͑26͒. The parameters u c and K are used as fitting parameters, and t is set such that Eq. ͑44͒ is in phase with the molecular dynamics results. The agreement is excellent except for points around / 2 away from the wall. The reason for this is likely linked to the large density variation in this region ͑see Fig. 3͒ . The best fit predicts values u c = 0.3 and K = 9. It should also be noted that away from the wall w z Ϸ 1 2 ‫ץ‬ ū x / ‫ץ‬y, which means that in the interior of the channel the effect from the wall on the molecular rotation vanishes. This is also indicated by the relatively large value of K. Figure 4͑b͒ shows a streaming angular velocity profile for =2 / 50 and ⌳ Ϸ 2.28 which is obtained by increasing the channel width but keeping the strain rate sufficiently low such that the system is in the Newtonian regime. This is achieved by setting F 0 = 0.0425. For this relatively large value of the Stokes parameter we cannot expect Eq. ͑26͒ to be valid, and the broken line represents the time average of Eq. ͑18͒ using r as a fitting parameter. The parameter value for ⌰ = 1.21 is calculated directly in the NEMD simulations and 0 = 1.94 which was found in the EMD simulations. This fit predicts r = 0.25, in excellent agreement with the value of 0.26Ϯ 0.02 found previously from the equilibrium simulation.
It is here important to appreciate that this is information about the fluid that is traditionally excluded. For small values of the Stokes parameter, i.e., where the viscous forces are dominating, the molecular rotation is linear with respect to y. For large Stokes parameter, on the other hand, we observe a large variation in the molecular rotation as we move from the wall-fluid boundary into the interior of the channel; however, in the interior region the molecular rotation varies only slightly.
The molecular streaming velocity in bin j at time t is defined via Fig.  4͑a͒ . The profiles allow slip boundary conditions, which we introduce in an ad hoc fashion:
where u 0 is the streaming velocity at the wall-fluid boundary. The molecular dynamics data and the solution to the NavierStokes equations show a very good agreement. It is important to stress that according to the discussion in Sec. IV A both systems are in the Newtonian regime. Another important point is that the limiting solution given in Eq. ͑16͒ also predicts satisfactory profiles for low values of ⌳, indicating small wall effects.
We can now make a quantitative analysis of the effect of the coupling between the molecular rotation and the streaming velocity. To do so we define the maximum flow through the channel during the external force period as
where u x ͑y , t͒ is given by either Eq. ͑16͒ or Eq. ͑25͒. Note that we underline the dependency of the vortex viscosity as a subscript. As we have shown earlier, it is not expected that the streaming velocity is much affected by the molecular rotation in the limit ⌳ → 0 and we shall therefore discuss only the case for + r → 0, i.e., for Eq. ͑16͒. In Fig. 6 we have plotted 1 − Q r max / Q r =0 max as a function of r / 0 for three different frequencies. First, we observe that the maximum flow in the channel decreases ͑the curves in Fig. 6 increase͒ as a function of r / 0 , that is, the coupling between the rotational and the translational motions will lead to a decrease in the maximum flow. This effect has a maximum, and it then slowly converges toward a plateau. This means that even for a fluid with a large vortex viscosity the effect will be rather limited, depending on the frequency. Second, and as expected, the molecular rotation seems to have an important effect on the flow for sufficiently large frequencies: the maximum flow may be reduced by more than 1% for = 0.126. For =2 ͑not shown in Fig. 6͒ , the maximum flow is reduced by more than 3.5% if the frequency dependency of the transport coefficients is ignored.
V. CONCLUSION
In this paper we have investigated the fluid dynamics of a diatomic fluid undergoing zero mean oscillatory flow. Two limiting solutions to the Navier-Stokes equations that included the coupling between the spin angular and the translational momenta were presented. We showed that, for sufficiently low velocity slip at the wall-fluid boundary, the solutions for the streaming velocity could be augmented with a simple ad hoc slip and agreed very well with the molecular dynamics data. In addition to the obvious fact that this then allows us to extract additional information about the molecular rotation, it also enables us to study the coupling between the molecular rotation and streaming velocity. We showed that ignoring this coupling will lead to an error in the maximum flow of about 1% in the Newtonian regime, but can be much larger, more than 3.5%, for sufficiently high values of r if the frequency dependence of the viscosities can be ignored. It should be mentioned that there are many other ways of measuring the coupling effect. For example, the average flow over one-half the oscillation period will not be affected by more than a few tenths of a percent, whereas the maximum difference in the flow profile may be very large ͑more than 10%͒.
This work has been limited to the study of essentially rigid bonded diatomic molecules. The dynamical properties of more complex fluids could also be undertaken, e.g., fluids composed of n-alkanes, branched polymers, etc. In this case, however, one has to take care when constructing the NavierStokes equations, since the molecular details may have important effects on the fluid dynamics. For such complex fluids the spatiotemporal structural behavior also becomes interesting and phenomena such as molecular deformation and alignment could be studied.
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APPENDIX: DERIVATION OF THE NAVIER-STOKES EQUATION
In the case of zero temperature gradient, the relevant balance equations describing the mass density and the linear and angular momentum changes are ͑in nonconservation form͒ ͓6͔
͑A3͒
Here is the mass density, u is the streaming velocity, F e is the external force per unit mass, P is the pressure tensor, s is the spin angular momentum, ⌫ e is the applied external torque per unit mass, and Q is the couple tensor. P d , which is the axial ͑or pseudo͒ vector dual of the antisymmetric part of the pressure tensor P a , can be written as Here v is the bulk viscosity, 0 is the shear viscosity, r is the vortex ͑or rotational͒ viscosity, v , , and r are the equivalent vortex spin viscosities, and w is the streaming angular velocity. Note that in the presence of temperature gradients cross-coupling terms appear in the constitutive relations ͓6͔. The thermodynamic force ١ ϫ u −2w is sometimes referred to as the sprain rate ͓33͔. Substituting the constitutive relations into the balance equations, assuming constant transport coefficients and the absence of applied external torque, we obtain the corresponding Navier-Stokes equations ͓1,6͔: du dt = F e − ١p + ͑ v + 0 /3 − r ͒ ١ ͑١ · u͒ + ͑ 0 + r ٌ͒ 2 u + 2 r ͑١ ϫ w͒, ͑A14͒ ds dt = 2 r ͑١ ϫ u − 2w͒ + ͑ v + /3 − r ͒ ١ ͑١ · w͒
This, together with Eq. ͑A1͒ and an appropriate equation of state, completes the fluid dynamical description.
